The expansion of the toroidal Green's dyad for a radially heterogeneous sphere is obtained in terms of vector spherical harmonics. Volterra's theory of dislocation is then used to compute the displacement and thereby the strain field due to an internal dislocation of arbitrary size, orientation and depth. Excitation of free oscillations of the sphere due to various sources is derived by evaluating the residues at the poles of the integrand in the w-plane.
Introduction
During the last decade many theoretical seismologists have discussed the free oscillations of the Earth and have computed the eigenperiods for various standard models. However, for the identification of the spectral lines, it is important to know, besides the periods of free oscillations, the relative amplitudes of various modes of vibrations excited by a given source and the dependence of these amplitudes on the source parameters.
The first successful attempt in this direction was made by Alterman, Jarosch & Pekeris (1959) who considered a point-source of compressional waves. The success of their method lies in replacing the equations of motion by an equivalent set of linear, first-order, simultaneous differential equations which are solved numerically. Gilbert & MacDonald (1960) used the Thomson-Haskell matrix method to compute the periods of free oscillations and surface amplitudes for a single force, a single couple, and a torque. used the same procedure for the theoretical study of dipolar sources in a stratified Earth.
functions. Our study differs in a fundamental way from all previous efforts in the following main points:
(i) The Green's dyad for a radially heterogeneous sphere has been derived in a closed form. Its proper use in conjunction with the Somigliana formula (BenMenahem & Singh 1968b ; also Section 3 of this paper) enables one to derive explicitly the dynamic as well as the static deformation of the Earth due to any internal as well as external perturbing agents.
(ii) The source has been placed at an arbitrary point (ro, O0, t#J0) inside the sphere which makes it possible to derive results for finite sources by a direct integration over the suurce's area or volume.
Sarpa Jit Shgb and Ad Ben-Menahem (iii) Spectral response of the sphere has been obtained. Our method of attack is as follows: first the toroidal Green's dyad for the sphere is obtained; the Volterra relation is then used to get the spectral response of the sphere due to internal sources. Fourier synthesis gives the results in the time domain. The integral over frequency, when evaluated as a sum of residues at the poles, provides the relative amplitudes of the forced oscillations of the sphere.
For surface waves due to buried point-sources, most of the authors have assumed a multi-layered half-space and applied the Thomson-Haskell matrix method, as developed by Thomson (1950 ), Haskell (1964 , and Ben- Menahem & Harkrider (1964) . Alternatively, Vlaar (1966a, b) considered the excitation of Love waves in vertically heterogeneous configurations using the Sturm-Liouville theory. Saito (1967) has discussed the Love and Rayleigh waves due to various sources in a flat
Earth.
In Section 5 of the present paper, we have considered a displacement source embedded in a vertically heterogeneous flat Earth. The procedure is the same as for the sphere, i.e. first finding the Green's dyad and then applying the Volterra relation.
Derivation of Green's dyad
Consider a radially heterogeneous elastic sphere of radius a centred at the origin of a spherical co-ordinate system (r, O,t#J). For the toroidal oscillations, the dilatation and the radial component of the displacement vanish identically. Consequently, there is no perturbation in the gravitational field and the motion is controlled entirely by elastic forces. Assuming a harmonic time-dependence eiu', the equation of small toroidal oscillations of the sphere may be written in the form ail p dr ar
Here p(r) and p(r) denote the density and rigidity, respectively, &, = o/V, and V, = (p/p)* is the shear wave velocity.
Let +m. I = R(r) Ym.
4)
= R(r) Pr(cos e) eIm4 (2 -2) and assume for the displacement in the infinite space where From equations (2.1)-(2.5), it is found that 
where the star denotes complex conjugate, and assume an expansion of the Green's function in the form where p,Jr/ro) is still to be determined. Inserting the expansion (2.10) for g in equation (2.7), using equation (2.9) and comparing similar terms on both sides of equation (2.7), we obtain
We see that p I , ,,,(r/ro) is a one-dimensional Green's function for the Sturm-Liouville operator Let R+(r), R -( r ) be two independent solutions of equation (2.6), R f ( r ) being regular at the origin. Then (Morse & Feshbach 1953; pp. 825-826) (2.12)
where s = sgn (r-ro). The subscript zero means that the quantities involved are to be evaluated at r = ro. The Wronskian A is given by A similar procedure for the homogeneous media was used by Morse & Feshbach (1953 , p. 1874 The importance of the Green's dyad cannot be overemphasized.
This formula relates the displacement at any point P(r) induced by a given voluininal force distribution F,(T), a given stress distribution [T(u) .n] on the surface C bounding the volume T, and a given displacement distribution u on C. In equation (3. l), n is an inward drawn unit normal to the surface C and
where v may be u or G.
Let the source be specified by a displacement dislocation uo(ro) given on the surface S with an outer normal no(ro). The displacement field due to such a source is given by the Volterra relation
which is a particular case of equation (3.1) under the following conditions:
(i) There are no body forces.
(ii) The surface Z consists of two parts, one outer part at infinity and an inner part S . The surface integrals in the right-hand side of equation (3.1) vanish for the outer part.
(iii) There is a displacement jump (dislocation) uo across S .
(iv) The stresses are continuous across S .
Note that no now becomes the outer normal at the point O'(r,) of the surface S .
The subscript zero in To(G) means that the operations involved are to be performed in the source (r,, 8,, 4,) co-ordinates and (A,, p,) = (A, p),=,,. It may be noted that ro(ro, 8, , 4,) is any point on the surface S and upon differentiation of G(r/r,) with respect to (r,, 8,, 4,), all functions of (r, O,+) behave as constants, and vice versa.
We first restrict ourselves to a point-source, namely, to a dislocation uo = 21, e, over an infinitesimal surface area d S at ro and set a vector base (era, Coo, e+,) at the source (see Fig. 1 ). For a point-source, equation (3. la) may be written as
where (:) denotes double dot product. It has been shown elsewhere (Ben-Menahem & Singh 1968a) that the dimensionless displacement due to an arbitrary tangential dislocation @,.no = 0) is given by U = cosl{sin6U, +cos6U,**}+sinL{sin26U,-cos26U2},
where U,, U2 and U, are the dimensionless displacements for Cases I, 11, and 111, respectively, of Table 1 and U2** is obtained from U2 by replacing 4 by ( 4 -( n / 2 ) ) .
The angles 6 and A, known as the dip and slip angles, determine the orientation of the dislocation with respect to the base (era, e,,, c+,J (see Fig. 1 ). In the above-mentioned paper, it also has been shown that the displacement field due to an arbitrary tensile dislocation (no = eo) is given by
where U4 corresponds to Case IV. Thus, if we calculate the field due to the four cases mentioned in Table 1 , we can derive the field due to an arbitrary tangential or tensile dislocation.
It is obvious from equation (3.1 b) that the main task in finding the displacement field is to obtain To(€) : e, no. From equations (2.25) and cos E = cos 8 cos 8, + sin 8 sin 8, cos (4 -do),
we obtain from equations (2.31), (3. lb) and (3.5) the following results: 
(3.13) 1 PI(cos e) = -+ sin 2B PI2(cos E). (3.14)
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With the aid of equations (3.11)-(3.14), the expressions (3.8)-(3.10) can be put in the following convenient form:
U2(a, Q)) = - 
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A finite source may be considered as an assemblage of a number of point-sources distributed over the surface S of the fault. In general, the dip and slip angles will vary from point to point. But this is not a problem since we know the field for a tensile as well as a tangential dislocation for arbitrary 6 and 1 (cf. equations (3.2), (3.3)). Therefore, taking a suitable number of grid-points on S and calculating the fields corresponding to various point-sources with appropriate values of 6 and 1, one can get the field for a finite source by numerical integration.
The particular case when S is a plane passing through the centre of the sphere is relatively simple. Then d S = rod8,dro. To simplify the analysis, we assume that rl < ro < r2, O1 < O0 < O2 (see Fig. 2 in which r2 = a, 0, = 0, 4o = 0) . Further, if we consider the first two cases only of Table 1 , then 6 and 1 are constant over S, their values being given in the above-mentioned table. As p, and the radial factors are known only numerically, the integration over ro cannot be performed analytically and so must be done numerically. From equation (3.9) we see that in Case I1 the integral over 8, can be evaluated analytically, and we get We see that the placing of the source on the axis of the polar co-ordinates leads to much simpler expressions. If one is interested only in a point-source, it is then worth-while to take this limit and thereby simplify the analysis considerably. However, the case of a finite source requires the point-source to be placed at an arbitrary point so that one may integrate over the surface S of the fault (see equation (3.1)).
As it stands, equations (3.15)-(3.17) are the results for a harmonic source. Putting o = 0 in equation (2.6) it reduces to Denoting the solution of equation (3.23) which is finite at the origin by Ro, we have (3.24)
If we replace R and R in equations (3.15)-(3.17) by Ro and Roy respectively, we get the toroidal response of a radially heterogeneous sphere to static sources. We shall denote this by U(0).
Strains and stresses
For the toroidal motion, the three strain components on the surface of a sphere with its centre at the origin are given by
Therefore, at r = Q The non-vanishing stresses at r = Q are: Eigenvibrptions of the Eprth-I Therefore, using equation (3.1 l) , we obtain cos C{M2 sin 2B cos C + M 3 cos 2B sin C } 
Timedependent solution
Equations (3.15)-(3.17) are of the form (3.36) (3.37) (3.38) where F is supposed to be known. The dependence of R on w is understood. The corresponding result for a step source will be where the path of integration is assumed to pass below the poles of the integrand.
Interchanging the order of integration and summation, we get
The integral over w can be evaluated as a sum of residues at the poles of the integrand. The non-zero poles are of the form Therefore, F (4.5)
. n w = w n
where use has been made of the fact that F/R(u) is an even function of w (equation (2.6)). Further, corresponds to the pole at the origin. Clearly, U(0) is the static response of the sphere and can be found directly if we start with equation (3.23) instead of (2.6) and change the radial factors accordingly in all the expressions. Applying the above result to equations (3.15)-(3.17), the following expressions for the dimensionless displacements are obtained: Equations (4.6)-(4.8) give the response of the sphere to a step source of the types 1-111 as a sum of normal modes. But to know the above solutions one must find -R(u). Because in general R(u) is known only numerically, one has to do a -evaluate &a) for a large number of values of w. To circumvent this difficulty, we apply a method given in Sommerfeld (1949, Section 20 s 0,' -0'
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We suppose that w is not an eigenfrequency and take the limit as w + w, to obtain When the radial factors are known numerically, it is an easy matter to evaluate I,. Therefore, in such cases, one may use equation (4.12) and thus avoid differentiation of K with respect to the frequency.
Results for a half-space

. 1 Derivation of the Green's dyad
So far we have discussed the generation of toroidal disturbances in a radially heterogeneous sphere. The corresponding problem in cylindrical co-ordinates is that of forced Love waves in a vertically heterogeneous half-space.
We consider a vertically heterogeneous elastic half-space with the origin of a cylindrical co-ordinate system (p, 4, z) at the free surface and the z-axis drawn into the medium. Assuming u, = 0, divu = 0, the vector equation of small motion is
Here p and V, are arbitrary functions of z. = sgn(z-2,) .
The subscript zero means that the quantities involved are to be evaluated at z = zo. The Wronskian A is given by Sarva Jit Singh and Ari Ben-Menahem (5.14)
Equation ( If Z(z) is an arbitrary function of z, then it can be shown that and for z > zo, Using equations (5.14), (5.16) and (5.21) the Green's dyad at the free surface z = 0 can be written in the following form:
Deformation of the half-space by internal dislocations
We consider a point-source at the point O(po, +oy zo) and set a vector base (e,,, e+,,.ez0) at that point (Fig. 3) . It may be assumed without loss of generality that no IS perpendicular to epo. Proceeding as in the case of the sphere, it can be shown that the displacement field due to an arbitrary tangential dislocation (uo .no = 0) is given by Cases I to IV are analysed in Table 2 
for Case IV. ) (Stratton 1941; p. 373) The addition theorem for the Bessel functions may be written in the form In the above expressions the superscript (-) of the 2's has been suppressed. Eigenvibrations of the Earth-I In the above analysis, we have assumed that the z-axis is drawn perpendicular to the free surface and into the medium. If one prefers to take the z-axis drawn out of the medium, one has to make the following transformations which are clearly seen from It may be noted that M i = (aQi/a(). Using these results, one can find from equations (5.46) and (5.47) the theoretical expressions for the strains and stresses.
Conclusions
Theoretical expressions for the SH-type displacements, strains and stresses at the free surface of both a vertically heterogeneous sphere and a half-space, induced by an arbitrarily oriented localized displacement-dislocation, have been derived. The corresponding expressions for a finite source are obtainable by integration.
The amplitudes of toroidal oscillations of a radially heterogeneous sphere are computed by the residue method. A similar procedure for the half-space problem will yield the solution in the time-domain.
The results for the static case are immediately obtained from the corresponding expressions for the dynamic problem by replacing the radial factors by the corresponding radial factors for the static case which are derived from the equation of equilibrium. The angular dependence remains the same as in the dynamic case.
The results of computation will be given in a subsequent publication.
